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Another construction of the Virasoro groupt 
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Abstract. In this paper the group corresponding to the Virasoro algebra is constructed. 
The so-called 'descent equation' is used to derive the 2-cocycle for the group. 

Recently there has been much active interest in certain infinite-dimensional Lie algebras 
in mathematics and theoretical physics [l]. In some ways the simplest of infinite- 
dimensional algebras is the Virasoro algebra. The Virasoro algebra arises in classically 
conformally invariant two-dimensional field theory such as the string theories of 
elementary particles and the theory of critical phenomena in two-dimensional statistical 
systems. The c-number central extension of this algebra is called the commutator 
anomaly of the Lie algebra of the diffeomorphism of a circle ('Schwinger-Jackiw- 
Johnson term'). Since the elements of the group corresponding to this Lie algebra are 
a finite diffeomorphism it is interesting to construct the group. This paper is a modest 
attempt to try to do so. 

The philosophy behind this paper is to examine the Virasoro group from as many 
different points of view as possible. It will be obvious that the 2-cocycle for the group 
has been derived by Bott. Nevertheless, it is instructive to study the same problem in 
a new light. Our methods, on the other hand, are familiar among physicists. 

Let us start with some terminology. Let M be a space with points a, and G a 
group of transformation with elements g and a right action on M denoted by ag. The 
coboundary operator A is defined on an n-cochain which is a function of point a and 
n group elements with values in some vector space in the following way [2]: 

(Aan)(a; g l ,  a . .  9 g n + l ) = a n ( a g l ;  g2, . . .  9 g n + l ) - a n ( a ;  glg2, g39 * * * 9 gn+l)+ . . .  

The fundamental property of h is 

A2=0 (2) 

which allows for the use of the cohomology technique and terminology. A cochain 
an is called a cocycle if han = 0 and a coboundary if a, = for some cochain 
an- l .  A cocycle is non-trivial if it is not a coboundary. 

t This work was supported in part by the Science Fund of the Chinese Academy of Science. 
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Now we choose M to  be set of all Christoffel connection 1-forms, i.e. M = {T(x)}, 
I': = rEP dxp, x E S" where S" is compactified n spacetime, and the transformation 
group G to be the diffeomorphism group of spacetime S" denoted by Diff(S") [3]. 
The product of the group is defined by the composition 

FIF,(x)  FI o F2(x)= F1(F2(x)) (3) 

where F1, F2 E Diff ( S " ) ,  x E S", and '0' denotes composition. 
The action of G on M is simply the coordinate transformation 

ryX)-, ryx ' )  = rF =f-'(r + d ) f J x  (4) 

where 

(f-'); = aXta/axP X' = F (  x)  

and ' I x '  denotes that f is evaluated at x. 
The action of the diffeomorphism group admits two natural formalisms [4]: the 

'passive' point of view and 'active' point of view. In what follows we shall only use 
the former. Then 

rfw) = wv2) = r(F1 0 F,) = (f1(f2)F,)-'(r+d)(f1(f2)F,) ( 6 )  

where the subscript F,  means that f 2  is evaluated at F , ( x )  when fi is evaluated at x. 
Now let us consider Diff (SI). Let Lie( Diff ( S ' ) )  = Vect( S ' )  denotes the correspond- 

ing Lie algebra. Consider the Virasoro algebra Vect(S')* = Vect(S')@iR with the 
commutator [ 51 

[5, 7?1(x) = [5(x), 77(x)l+ia I,, ( 5 " ' ( X ) + 5 ' ( X ) ) T ( X )  dx (7)  

where 5, ~ e V e c t ( S ' ) ,  the bracket is the Lie bracket, and a is a real constant; iR 
commutes with everything. We would like to have a construction for the group 
Ext( Diff (SI)) = Diff (SI)* which has Vect( SI)- as its Lie algebra. Assume the composi- 
tion law in the group Diff (SI)*: 

(4 ,  A ) ( F 2 ,  CL) = (F1F2, ACL exp(2.rriw(Fl, F J ) )  (8) 
where A, CL E S' (circle group), F1 F2 E Diff ( S ' )  and w (  F1, F2) is a real-valued function 
of Fl and F,; the product F1F2 is defined by (3) .  

The problem is to compute w. As pointed out by Segal [ 5 ] ,  the central extension 
of Diff(S') by SI is topologically a product, Diff(S') x S' ,  so there is no topological 
obstruction to the construction of a globally defined w. Notice that this is different 
from the Kac-Moody group [5,6]: the central extension of the loop group 
Map(S1,SU(2)) of maps S1-,SU(2) by SI cannot be thought of as a product 
Map(S', SU(2)) x S' but it should be defined as a smooth principal SI-bundle on the 
infinite-dimensional manifold Map( SI, SU(2)). 

Let us consider orientation preserving diffeomorphisms, Diffo( SI). They are 'small' 
diffeomorphisms, i.e. they can be obtained by exponentiating vector fields. Since 
.rr2(Diff(S2))=0 [7] the cocycle w can be defined as follows. Let R:(T) be the 
Chern-Simons form in three dimensions 

n;(r) = cTr(T d r + f r 3 )  (9) 

where c is a normalised constant. Set 
(AR;)(T; F)=R;(TF)-R;(r)=cd Tr(Tdff-')-fc Tr(dff-')3. (10) 
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The form c ' ~ )  = - f c  Tr(dff1)3 is closed and thus locally c ' ~ )  = dH'" for some 2-form 
H"). I f f  = exp( U), then H"' can be computed from the integral [8] 

A(Fl, F 2 ) =  cTr(Cf2);: d ( f 2 ) ~ ~  dflf;')+H'2'(Fl)+H'2'(F2)-H'2'(F1F2) (15) 

where, as before, the subscript F1 means that f2 is evaluated at F , ( x )  when f l  is 
evaluated at x. Notice that, although each term in (14) does depend on r, the function 
A (thus w )  is independent of r which is a property of the descent equation special to 
two-dimensional theories. One should bear in mind that the H(') are defined by the 
exponential representation of F1, F2 and F1F2.  By the descent equation 

(16) (An:)(r; F1, F2) = dR:(r; Fl, FJ 

we see that the A in (15) can be (locally) written as a derivative of a 1-form 0:; thus, 
when Fl and F2 are sufficiently close to the unit element, the value of j D 2  A ( F ,  , F2) 
(thus w ( F , ,  F2) )  depends only on the values of F1 and F2 on the boundary of their 
domain of definition D2 and not on their values inside the disc D2.  We shall consider 
the case S' = aD2. 

In order to show that the infinitesimal version of the function w (  F1, F2)  we have 
constructed is the anomaly term in the Virasoro algebra, we have to check the cocycle 
condition 

w ( F 2 ,  F, )+w(F , ,  F 2 F 3 ) - w ( F , F 2 ,  F , ) - w ( F , ,  F2)=Omodn (17) 

which is just an expression for the associativity of the new multiplication law (8); 
however, it is the cocycle condition. By (16) the function w (  Fl, F2) can be formally 
written as 
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Since the fl: can be obtained from the fl! using the standard descent method, the 
analogue with [ 101 shows that 

where R = dT + T2 is a curvature 2-form. 
We remark that, since .n'(Diff(S')) = Z  [5 ,7] ,  the function w ( F , ,  F2)  satisfies the 

cocycle condition only for orientation preserving diffeomorphisms, Diffo( SI). If the 
diffeomorphisms are orientation reversing, then they cannot be obtained from exponen- 
tiating vector fields (i.e. they are 'large' diffeomorphisms), and therefore the value of 
J D 2  A ( F ,  , F2) in (14) not only depends on the boundary values of F,  and F2 but also 
on their values inside the disc D2.  It follows that for orientation reversing diffeomorph- 
isms the cocycle condition is not satisfied. 
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